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Abstract—Operating a substrate integrated waveguide (SIW) only above the cutoff of its dominant mode leads to bulky filters in
the low-gigahertz range. In this work, a space-filling I–H slot is etched on the upper wall of an SIW so that transmission is obtained
inside the evanescent band of the guide. The slot acts as a magnetic-dipole resonator; together with the negative effective
permittivity of the guide below cutoff, it creates a backward-wave band followed directly by a forward-wave band. Slots of first,
second and third order are compared inside an identical footprint, the effective permittivity and permeability are extracted from
the simulated scattering parameters, and a lumped-element model with analytical expressions for the lower transmission zero and
both resonant modes is fitted to the full-wave response. For the third-order slot on FR4 (εᵣ = 4.3), the passband is located near 2.15
GHz, roughly 59% lower than the 5.2 GHz cutoff of the unloaded guide. A fabricated single-cell filter measures about 1.5 dB
insertion loss including the SMA connectors, about 19 dB return loss, two transmission zeros and a board area of 17 × 17 mm²
(0.12λ₀ × 0.12λ₀). Cascaded two- and three-cell designs with steeper skirts are also reported and compared with recent SIW fractal
and metamaterial filters.

Keywords—SIW filter; below-cutoff propagation; space-filling slot; double-negative medium; lumped-element model; compact
bandpass filter

I. INTRODUCTION
The substrate integrated waveguide (SIW) transfers most

of the merits of a metallic rectangular waveguide, namely
low radiation, good power handling and a relatively high
quality factor, to a planar printed circuit that can be
integrated with microstrip and coplanar lines on the same
board [1,2]. Its main drawback in the sub-6 GHz range is
size: the width of the guide is fixed by the cutoff of the
dominant TE ​ 10 mode, so a filter that operates above cutoff
near 2  GHz occupies several square centimetres even on a
high-permittivity laminate.
Many techniques have been proposed to shrink SIW

components, as surveyed in [3]. Ridged SIW lowers the
cutoff by loading the guide centre [4,5]; half-mode and
quarter-mode SIW exploit the virtual magnetic wall of the
TE ​ 10 field to remove one half or three quarters of the
cavity [6–9]; folded SIW stacks the guide in two layers [10];
and slow-wave loadings increase the effective permittivity
[11,12]. In all of these approaches, however, the passband
still lies above the cutoff of the modified guide.
A different route is offered by metamaterial concepts

[13,14]. A metallic waveguide below cutoff behaves as a
medium with negative effective permittivity for the TE
modes; if a resonant element that provides negative effective
permeability is added, a backward-wave passband appears in
the evanescent region [15]. In SIW technology,
complementary split-ring resonators (CSRRs), derived from
split rings by Babinet duality [16,17], have been etched on
the broad wall to build very compact evanescent-mode filters
[18–20], and CSRRs are also widely used to suppress
spurious bands in planar filters [21]. Simple slots, which act
as magnetic dipoles, yield negative-order resonances that
were first exploited for miniaturized SIW antennas [22,23].
Stepped-impedance CSRRs further reduce the size of such
unit cells [24].

Fractal curves are attractive in this context because their
electrical length grows with every iteration while the
occupied area remains constant [25,26]. Cross-shaped
fractals on half-mode SIW [27], H-shaped fractal slots on
SIW for C-band filters [28], Hilbert fractals [29] and hybrid
fractal/CSRR/defected-ground loadings [30] have all
produced strong size reduction. Most of these works,
however, either concentrate on the C band or report the filter
response without a circuit model that explains where the
transmission zero and the two poles come from. A half-mode
realisation of a slot-loaded cell of this kind has been
described briefly in [31]; the present work concentrates on
the full-mode structure and provides the order-by-order
analysis, the extracted constitutive parameters and the circuit
model.
The contributions of this paper are the following:
• an I–H fractal slot is studied over three iterations on

a fixed footprint, and the resulting downward shift
of the passband is quantified;

• the retrieved �eff and �eff and the surface-current
distributions are used to identify the backward- and
forward-wave regions below cutoff;

• an equivalent circuit is proposed whose closed-form
resonances predict the lower transmission zero and
the two passband poles, and it is validated against
full-wave simulation;

• the effect of the slot size, the dispersion diagram,
the dissipation and the phase response are analysed;

• one-, two- and three-stage filters are designed, and
a one-stage prototype is fabricated and measured on
low-cost FR4.

Section II describes the host SIW, Section III the fractal
unit cells, Section IV the equivalent circuit, Section V the
filters and the measurements, and Section VI the comparison
with the literature. Conclusions are drawn in Section VII.
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II. HOST SIW DESIGN

All structures are printed on FR4 with relative permittivity
�� = 4.3 , loss tangent tan� = 0.025 and thickness
ℎ = 1.5 mm, with copper (� = 5.8 × 107 S/m) on both faces.
All full-wave simulations and circuit optimisations were
carried out with Keysight Advanced Design System (ADS),
including dielectric and conductor losses.
For an SIW whose via rows are spaced � apart (centre to

centre), with via diameter � and pitch � , the width of the
equivalent rectangular waveguide is [1,2]

�eff = � −
�2

0.95 � ,      1

and the cutoff frequency of the TE ​ 10 mode is
�� =

�0

2 �eff ��
,      2

where �0 is the speed of light in vacuum. Leakage
between the vias remains negligible when

� ≤ 2� and 0.05 <
�
��

< 0.25,      3

with �� = 2�eff the cutoff wavelength in the dielectric.
With � = 15  mm, � = 1  mm and � = 1.5  mm, (1) gives
�eff = 14.3  mm and (2) gives �� ≈ 5.06  GHz; the full-wave
simulation of the unloaded guide, which includes the feeding
transitions, places the cutoff at about 5.2 GHz. Both via
conditions in (3) are satisfied (�/� = 1.5 and �/�� = 0.052).

III. I–H SLOT-LOADED UNIT CELLS

A. Fractal Geometry
A fractal curve is generated by replacing every segment of

a starting shape with � scaled copies of itself, the scale
factor being � < 1. Its similarity dimension is

� =
ln�

ln 1/� .      4

A straight line has � = 1 , whereas space-filling curves
approach � = 2 and therefore pack a long conductor, or slot,
into a small area [25]. Fig. 1 compares a straight slot with an
I–H fractal slot of the same total length. The hybrid curve
used here starts from an “I” shape (first iteration); in each
further iteration, every free end is replaced by a smaller “H”,
so that the slot length grows rapidly while the bounding
square of side � is kept unchanged.

Fig. 1. A straight slot and an I–H fractal slot of equal length.

B. Operating Principle
Below �� the TE ​ 10 field of the SIW decays

exponentially, and the guide can be described by a negative
effective permittivity. The vertical electric field of the mode
is strongest along the guide centre, so a slot placed there is
excited efficiently and behaves as a magnetic dipole oriented
along the guide. Close to its resonance this dipole produces a
negative effective permeability. In the frequency range
where both quantities are negative, the medium is double
negative (DNG) and supports a backward wave;
immediately above it, both quantities become positive (DPS)

and a forward wave propagates. The slot is etched on the top
wall so that the ground plane remains solid, which keeps
radiation and coupling to other circuits low.
Fig. 2 shows the unloaded SIW and the unit cells with the

first, second and third fractal iterations. All cells have the
same footprint, with fractal side � = 12.5 mm and slot width
� = 0.5 mm.

Fig. 2. Unit cells: (a) unloaded SIW; (b) first, (c) second and (d) third
iteration of the I–H fractal slot.

C. Simulated Response of the Unit Cells
The simulated reflection and transmission coefficients of

the four cells are plotted in Fig. 3. The unloaded SIW is a
high-pass structure that starts to transmit at about 5.2 GHz.
Each fractal cell introduces a passband below this frequency.
The first iteration resonates near 4.1 GHz but is poorly
matched ( �21 ≈− 4.4  dB). The second iteration is centred
at about 3.4 GHz, and the third at about 2.15 GHz, both with
a transmission close to 0  dB. The third-iteration cell shows
two reflection minima, at about 2.08 and 2.17 GHz, which
are the two coupled modes discussed in Section IV, and two
transmission zeros, near 1 and 4.9 GHz, which sharpen both
skirts.

Fig. 3. Simulated (a) �11 and (b) �21 of the unloaded SIW and of the
three fractal unit cells.

Because the cells share the same footprint, the downward
shift of the passband is equivalent to a size reduction. It is
quantified with respect to the cutoff of the unloaded SIW as

�� =
�� − �0

�

��
× 100%,      5

where �0
� is the centre frequency of the �th iteration. The

results, collected in Table I, show that the third iteration
places the passband about 59% below cutoff.

TABLE I. Centre frequency of the unit cells (common footprint).

Structure f₀ (GHz) η (%)
Unloaded SIW (cutoff) 5.2 –

1st iteration 4.1 21.2
2nd iteration 3.4 34.6
3rd iteration 2.15 58.7

The simulated surface-current distributions in Fig. 4
confirm this behaviour. At 2  GHz, the current in the
unloaded SIW decays rapidly away from the input port, as
expected for an evanescent mode, whereas in the third-
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iteration cell it is concentrated along the fractal slot and
reaches the output port. At 1  GHz (lower transmission zero)
and at 5  GHz (upper stopband) the current in the fractal cell
remains confined near the input.

Fig. 4. Simulated surface current: (a) unloaded SIW at 2 GHz; third-iteration
cell at (b) 2 GHz, (c) 1 GHz and (d) 5 GHz.

D. Retrieved Constitutive Parameters
The effective permittivity and permeability of the third-

iteration cell were retrieved from its simulated �-parameters
by the standard inversion procedure of [32]. As shown in Fig.
5, both real parts are negative between 1.97 and 2.17 GHz,
which is the backward-wave (DNG) band, and both are
positive between 2.17 and 2.42 GHz, which is the forward-
wave (DPS) band. The two bands are adjacent and together
form the passband of the cell, which explains its dual-mode
response. The dispersion diagram in Fig. 6 confirms this
interpretation: the normalised phase constant has a negative
slope in the first band and a positive slope in the second, and
the attenuation constant drops to almost zero across both
bands without any gap at the transition, so the backward and
forward bands merge into a single balanced passband.

Fig. 5. Real parts of the retrieved permeability and permittivity of the third-
iteration cell, with the backward- and forward-wave bands shaded.

Fig. 6. Normalised phase constant and attenuation constant of the third-
iteration cell.

E. Effect of the Slot Size
Fig. 7(a) compares the transmission of the third-iteration

cell with that of an unloaded SIW of the same size, and Fig.

7(b) shows the effect of the fractal side length �. Reducing �
from 12.5 mm to 10 mm and 8 mm shortens the slot and
moves the passband upward, so � is the primary parameter
for setting the centre frequency. The largest value,
� = 12.5 mm, was retained for all the filters.

Fig. 7. (a) Third-iteration cell compared with an unloaded SIW of the same
size; (b) �21 of the third-iteration cell for � = 12.5, 10 and 8 mm.

IV. EQUIVALENT-CIRCUIT MODEL

The circuit of Fig. 8 describes the third-iteration cell. The
SIW is treated as a two-wire line formed by its top and
bottom walls, with series inductance �� and shunt
capacitance ��. Each via row is a set of short-circuited stubs
that appears, seen from the guide centre, as a shunt
inductance �via ; this inductance is responsible for the high-
pass behaviour of the unloaded SIW. The fractal slot is
represented by a series capacitance �frac . Its coupling to the
guide is partly magnetic, modelled by the inductance �� in
parallel with �frac , and partly electric, modelled by the shunt
capacitance �� between the ground plane and the small
patches enclosed by the slot arms.

Fig. 8. Equivalent circuit of the third-iteration SIW–fractal unit cell.

The parallel ��–�frac branch lies in the signal path; at its
resonance it behaves as an open circuit, which produces the
transmission zero below the passband:

�� =
1

2� �� �frac
.      6

Increasing �� , i.e., strengthening the magnetic coupling
through a wider slot or a different slot position, moves the
zero downward and sharpens the lower skirt. The
frequencies of the two modes are approximately

�1 =
1

2� �� + �via �frac + �� + ��
,      7

�2 =
1

2� �via �� + ��
,      8

Once the host SIW is fixed, ��, �� and �via hardly change,
so �frac and �� , which depend on the slot size, width and
position and on the substrate permittivity, are the main
tuning parameters; �frac affects both �� and �1.
The values �� = 10.52  nH, �frac = 2.11  pF,

�via = 0.364  nH, �� = 8.96  pF and �� ≈ 10−6  nH were
obtained with the optimiser of ADS by fitting the circuit
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response to the full-wave � -parameters, and the coupling
capacitance was then set to �� = 5.0 pF so that the two poles
of the model coincide with the reflection minima of the full-
wave response. The very small �� shows that the series
inductance of the short SIW section is negligible. With these
values, (6) gives �� = 1.07  GHz, and (7)–(8) give
�1 ≈ 2.08  GHz and �2 ≈ 2.23  GHz, close to the simulated
zero near 1.1 GHz and to the two reflection minima of the
cell.
Fig. 9 compares the circuit and full-wave responses. The

agreement is good across the passband and the lower
stopband. The upper zero near 4.9 GHz is not reproduced,
because the lumped model neglects the higher-order
resonances of the slot, as well as the dielectric, conductor
and radiation losses. Despite its simplicity, the model
identifies which physical dimension controls each feature of
the response.

Fig. 9. Full-wave and equivalent-circuit �-parameters of the third-iteration
cell.

The dissipated power fraction,
�diss = 1 − �11

2 − �21
2,      9

is plotted in Fig. 10. It peaks at about 0.16 inside the
passband, where the fields are strongest, and is dominated by
the dielectric loss of FR4. Radiation from the slot grows
with the slot width; it remains small for � = 0.5 mm and can
be suppressed further by a shielding cover without affecting
neighbouring circuits.

Fig. 10. Dissipated power fraction of the third-iteration cell.

V. FILTER DESIGN, FABRICATION ANDMEASUREMENT

A. One-Stage Filter
The third-iteration cell is fed by 50 � microstrip lines

through tapered transitions, as shown in Fig. 11; the design
variables are defined in Fig. 11(a) and their values are listed
in Table II. Although the cell contains a single slot, its two
modes are coupled, so it already behaves as a second-order
coupled-resonator filter and can be designed with the usual
coupling-matrix approach [33]. The inter-mode coupling
coefficient is extracted from the two pole frequencies,

� =
�2

2 − �1
2

�2
2 + �1

2 ,      10

and the external quality factor from the 3-dB bandwidth
BW and the centre frequency �0,

�� =
2�0

BW
.      11

Both quantities were mapped against the transition width
and the clearances � and � by repeated full-wave simulation,
and the dimensions were then chosen to realise a second-
order response with �� ≈ 14.3 and �12 ≈ 0.042 , i.e., �0 ≈
2.15  GHz and BW ≈ 0.3  GHz (fractional bandwidth
FBW = BW/�0 ≈ 14% ). A relatively large �� was used
during tuning so that the even and odd resonances of the
dual-mode cell remain clearly separated.

TABLE II. Dimensions of the proposed filters.

Symbol Description Value (mm)
�equ (�) Via-row spacing (centre to

centre)
15

� Via diameter 1

� Via pitch 1.5

� Fractal side length 12.5

� Slot width 0.5

� Fractal-to-via clearance 0.73

� Fractal-to-edge clearance 1.12
– Board size, one stage

(without feeds)
17 × 17
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Fig. 11. (a) Design variables of the filters; (b) layouts of the one-, two- and
three-stage filters.

B. Multi-Stage Filters
Higher-order filters are obtained by cascading identical

third-iteration cells along the guide (Fig. 11(b)); the inter-
cell coupling is controlled by the spacing between adjacent
slots, and the dimensions were optimised in ADS in the
same way as for the one-stage filter. The simulated
responses are shown in Fig. 12. Both filters exhibit three
reflection poles in the passband and a transmission zero on
each side of it, which makes the skirts much steeper than in
the one-stage case. Their centre frequency rises to about
2.3 GHz and their 3-dB bandwidth widens to about 0.5 GHz,
because the electromagnetic interaction between
neighbouring slots modifies the effective loading of each cell.
The out-of-band rejection improves with the number of cells,
at the expense of a longer board.

Fig. 12. Simulated �-parameters of the (a) two-stage and (b) three-stage
filters.

C. Fabrication and Measurement
The one-stage filter was fabricated on 1.5-mm FR4 by

CNC milling, with SMA connectors soldered to the feed
lines, and was measured with a vector network analyser from
10  MHz to 6  GHz. Photographs of the prototype are shown
in Fig. 13, and the measured and simulated responses are
compared in Fig. 14.

Fig. 13. Fabricated one-stage filter: (a) with SMA connectors; (b) close-up
of the milled fractal slot.

Fig. 14. Measured and simulated �-parameters of the one-stage filter.

The measured passband shows two poles, is centred at
about 2.15 GHz, and has a 3-dB bandwidth of about 0.3 GHz.
The minimum insertion loss is about 1.5 dB, including the
two SMA connectors that are not part of the simulation, and
the in-band return loss is about 19 dB. The rejection is about
45 dB in the lower stopband and about 30 dB in the upper
stopband. The lower transmission zero is measured near
1 GHz, as predicted; the upper zero appears at about 4.3 GHz
instead of the simulated 4.9 GHz. This shift, and the slight
broadening of the passband, are attributed to the milling
tolerance of the narrow slot segments, to the spread of the
FR4 permittivity, and to the connector transitions.
The measured unwrapped phase of �21 is plotted in Fig.

15. It varies almost linearly across the passband, between
about 1.9 and 2.15 GHz, which indicates a nearly flat group
delay and low signal distortion.

Fig. 15. Measured unwrapped phase of �21 of the one-stage filter.

VI. DISCUSSION AND COMPARISON

A. Loss Budget
An insertion loss of about 1.5 dB is reasonable for a

narrow-band filter on FR4 but higher than that reported on
low-loss laminates. The main contributions are the dielectric
loss ( tan� = 0.025 ), the conductor loss along the long,
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narrow fractal boundary, a small amount of radiation from
the slot, and the two connectors. A substrate with tan� ≈
0.001 would reduce the dielectric part by roughly an order
of magnitude without changing the topology.

B. Comparison
Table III compares the proposed filter with related SIW

fractal and metamaterial filters. Because the references
operate at very different frequencies and on different
substrates, the footprint is also given in units of �0

2 , where
�0 = �0/�0 is the free-space wavelength at the centre
frequency. The proposed filter is more compact than the C-
band fractal and hybrid designs, and it is the only one among
them that combines an iteration study, constitutive-
parameter retrieval and an equivalent circuit. The cross-
fractal HMSIW filter of [27] is smaller in terms of �0

2

because it uses the half-mode cut and operates near 1.1 GHz;
applying the half-mode cut to the present cell [31] reduces
its width by a further factor of about two. The price paid for
the low-cost FR4 substrate is a higher insertion loss than
designs on low-loss laminates.

TABLE III. Comparison with related SIW fractal and metamaterial
bandpass filters.

Ref. Technique
f₀

(GHz)
IL/RL
(dB)

FBW
(%)

Size
(λ₀²)

[28] H-shaped fractal slots,
SIW

5.3 0.75/23 12.5 0.019

[27] Cross-shaped fractal,
HMSIW

1.13 0.8/11.8 4.3 0.004

[30] Hybrid fractal + CSRR +
DGS, HMSIW

5.2 1.1/14.5 26.3 0.061

This
work

I–H fractal slot, SIW 2.15 1.5/19 14 0.015

VII. CONCLUSION
A space-filling I–H slot etched on the broad wall of an

SIW has been shown to open a usable passband deep inside
the evanescent band of the guide. Increasing the slot order
within the same area lowers the passband from about
4.1 GHz to 2.15 GHz, which is roughly 59% below the cutoff
of the unloaded waveguide. The extracted constitutive
parameters and the dispersion curves reveal a backward-
wave band immediately followed by a forward-wave band,
and a compact lumped-element model reproduces the lower
transmission zero and both resonant modes while linking
each of them to a physical dimension. The measured single-
cell filter on FR4 provides about 1.5 dB insertion loss, about
19 dB return loss, an almost linear in-band phase and a
footprint of 0.12�0 × 0.12�0 ; cascading two or three cells
sharpens the skirts considerably. Low-loss laminates and
electronically tunable slot loadings will be investigated next.
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